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ABSTRACT

In this article, we solve linear and nonlinear system of Volterra integral equations using the New lterative
Method. This method provides a solution in a rapidly convergent series form. The convergence analysis
of the method is also considered. Furthermore, the efficiency of the method will be demonstrated through
numerical examples.
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1. INTRODUCTION

Systems of Volterra integral equations, linear or nonlinear, are used in modelling various physical
phenomena in science and engineering. Finding the exact solution of the system of Volterra integral
equations by classical methods is sometimes too difficult, and is usually very useful to find a
numerical estimation of the exact solution(Mohammad, 2012).Different techniques have been used
for solving the systems of Volterra integral equations, such as Differential transform method(Biazar
and Eslami, 2011), New Modification Adomian decomposition’s method (NMADM) (Lie-jun,
2013),Toeplitz matrix method (Handi and Al-Hazmi, 2010), He’s Homotopy perturbation
method(Buazar and Ghazvini, 2009), Laplace Adomain Decomposition Method (LADM) (Handi,
2011).

In this paper, we will consider the following linear system of Volterra integral equations of the
second kind:

X)) = fiew + fox(Kn(X, £)y1(£) + K12(x, )y, () + - + Ky (x, t)}’n(t)) dt, )
y2(x) = fow) t+ fox(Km(x» £)y1(£) + Kpp(x, )y, () + -+ + Kop (%, t)}’n(t)) dt,

) &)

Yn(x) = fn(x) + fox(Knl(x' t)yl(t) + KnZ (x: t)yz (t) + ot Knn(x: t)yn(t)) dat)
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where y;, y,, ... y, are the unknown functions, f;, f», ... f, are the given functions and
K11, K54, ..., Ky, are called the kernel or nuclei of integral equations.

Systems of nonlinear Volterra integral equations of the second kind are of the form:
yl(x) = fl (x) + fgc (Kl(xl t, yl(t)l yZ(t)i ;yn(t))) dta \

20 = o0+ [y (Ko(. 6310, 32(6), ., (0)) ) i,
> 2

(@) = fu) + J (Kn, 63108, 7208, . 3n(®)) ) dt )

In this paper, we apply the new iterative method proposed by Daftardar-Gejji and Jafari (2006) for
solving the above system, both linear and nonlinear.

2. The New lterative Method

To describe the idea of the new iterative method (NIM), we consider the following general formulation by
Dafatardar-Gejji and Jafari (2006). Consider the nonlinear functional equation:

y() = f(x) + N(y(x) @)

where N is a nonlinear operator from a Banach space B — B and f is a known function. We are looking
for a solution y(x) of (3) having the series form:

y(x) = EiZoi 4
The nonlinear operator N can be decomposed as follows:
NEZoy) = NOo) + X2 {N(Zi=0 ) — N(ZjZo %))} ®)
From Eg. (4) and (5), Eq. (3) is equivalent to
N(EiZoy) = f(x) + N(yo) + Z24{N(Zj=oy) = NEj=0 )} (6)
we define the recurrence relation: )
Yo =f(x)
y1=No)
Y2 = N(o +y1) = N(yo) >
(")
J
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Ym+1 =NQo+y1+ -+ ) —NQo+y1+ -+ ym-1) m=12,..
then
Yotyit o+ Vmu1 =NQo+y1++y)m=12., 8
and
y(x) = f(x) + XiZo¥i )
If N is a contraction, i.e.
INGx) = NI < kllx —yll,0 <k <1,
then
IYmerll = INGo +y1 + -+ V) = NQo +y1 + -+ ym-2ll
< kllymll < - < k™lyoll, m=10,1,2,..,

and the series },;2, y; absolutely and uniformly converges to solution of Eq. (1) and Eg. (2)., which is
unique, in view of Banach fixed point theorem(Jerri, 1999). The k-term approximate solution of Eq. (3)
and (4) is given by Y¥- 1 ;.

3. New Iterative Method for the Systems of Volterra Integral Equations.

We wil first of all rewrite the system of linear and nonlinear Volterra integral equations in Eq. (1) and (2)
in vector form. Eq.(1) can be written in vector form as:

y() = f(x) + [; K(x )y(t)dt (10)
where

f(X) = [ 1(X), fz(X),...,fn(X)]T,

J’(t) = [Y1(t): yZ(t)r ""yn(t)]T1 and

K(x,t) = [K;j(x,0)]ij=12,..n

The kernels or nuclei [Kl-j(x, t)],i,j =1,2,..n and the functions f;(x),i = 1,2,...,n are given real-
valued functions.

In a vector notation, Eq. (2) can be written as:

y() = fO) + [, K(x,t,y(®)dt (11)

where

fG) =10, £, ... (],

IIARD - International Institute of Academic Research and Development




International Journal of Applied Science and Mathematical Theory ISSN 2489-009X Vol. 1 No.8 2015
www.liardpub.org

y(@®) = [y1(®), y2(t), ..., ya(®]", and
K= [K;, Ky, ..., K]

The kernels or nuclei K= [K;, K5, ..., K] and the functions f;(x),i = 1,2,...,n are given real-valued
functions.

The New Iterative Algorithm is applied to (10) as follows:

Yo(x) = f(x)
y1(x) = [y K(x, )yo(t)dt
y2(x) = [y Ko, )(o(t) + y1(D)dt — [, K(x, )yo(t)dt

> (12)

Y (@) =[5 KG, D) @o(t) + y1(0) + - + ym(D))dt

— [ K D@o®) + y1(0) + = + Ym_1 (O))dt

where f=1fufo o fall
Yo = V10, Y20, ---'}’no]T'

Y1 = [y11, Y210 ---'ynl]T'

Ym = [Y1mly2ml ---IYnm]T: and

Ki1 - Kin
K = : :
Knl Knn

Therefore, the solution is:
y1(0) =y10 + Y11+ Y12+ = XLy (),

V2(X) = Y20 + Vo1 + Y22 + 0 = X212 (%),

IIARD — International Institute of Academic Research and Development




International Journal of Applied Science and Mathematical Theory ISSN 2489-009X Vol. 1 No.8 2015
www.liardpub.org

Yn(X) = Yno + Yn1 + Yz + -+ = Xjlq Ynj ().
When the method is applied to the nonlinear system (11), we have
Yo(x) = f(x)
y1(0) =[5 K(x,t,yo(t))dt
Y2(0) =[5 K(x,t,70(6), y1(©)dt = [§ K(x,t,yo(6))de

> (13)

Ym() = [y K(x,t,¥0(0), y1(), .., ym())dt

— Kt 300, y1(8), o, Yimoa (D)t

where; f=1fufo o fall
Yo = [V10, Y20, ---'J’no]T:

Y1 = [V11, Y210 oo J’n1]T'

Ym = Y1m Yams - Yum]", and
K = [Ky, Ky, ..., K",
The solution is given by;
y1(0) = X721 y1 (%),

y2(x) = Zﬁ1 Y2j(x),
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Ya() = 521 v (2).

4. Convergence of the New Iterative Method for System of Volterra Integral Equations.

Consider the system of nonlinear Volterra integral equation of the second kind in Eq.(11) above, where

f(X) = [fl(x)i fZ(x)r ...,fn(X)]T,
y(©) = [y (®), y2(®), ..., yo(®)]", and

K= [Ky, Kp ..., Ky

The kernels or nuclei K= [Ky, K5, ..., K,] and the functions f;(x),i = 1,2, ...,n are given real-valued
functions. Now, suppose |x —a| < B, [t —a|] < B, K is a continuous function of its arguments and
satisfying a Lipschitz condition,

IK(x, t, ) — K(x,t, $)Il < Lllo — ¢l
Let |[K(x, t, @)|| < M.
Define
Yo(x) = f(x)
y1(0) = [ K(x,t,y0(t)) dt, (14)

y2(x) = f: K(x,t,yo(t) + y1(1)) dt,

Yms1(X) = f; K(x, t,yo(®) +y1(O) + -+ ym(t)) - K(x, t,yo(t) + y1(t) + -+
Ym—1(®))dt m=12,..

We prove .72, y; (x) is uniformly convergent.
Iy1oll < [7|K(x, 6, yo(®)||dt < M(x - a) < Ma

ly2COll < 7| K (et y0(®) + ¥1(0) — K(x, £, y0(0)||dt < L|| [ y1(®)dt||

S ML (x_a)Z S M(Ka)z
2! L 2!

)

lys I < LK (Gt yo(0) + 310 + y2(0) — K(x,£,y0(8) + y1(0)||dt < L|| [ y2(Ddt|
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)3 < M (Ka)®
! L 3!

<M12E
- 3

1Y GO < LK (6, y0(8) + -+ Y () = K(x,£,70(8) + -+ + Y1 (D) | dt

m (x_a)m+1 M (Ka,)m+1

= L||f(fym_1(t)dt|| =ML (m+1)! = L (m+1)!

Hence )2, ¥;(x) is absolutely and uniformly convergent and y(x) satisfies (14).

5. llustrative Examples

In order to illustrate the performance and accuracy of the new iterative method in the solution of linear
and nonlinear systems of Volterra integral equations, we consider the following examples.

Example 5.1. Consider the system of linear Volterra integral equations of the second kind:

y1(x) =x —x?+ cosx + fox(yl ®) +vy, (t))dt } (15)
yo(x) = x — (g)x3 —cosx + fox(tyl(t) + ty,(t))dt
The exact solutions are:
(y1(x),y2(x)) = (x + cosx,x — cos x)
Following the algorithm given in (12), the first few terms of y(x) are:

y10(x) = x — x2 + cos x,
Va0(x) = x — (%) x3 + cosx,
yiu(x) = fox()’w ) + }’20(0) dt

= 52— lxa _ 1x4
3 6
X
V21 (x) = fo (t)’10 ) + t)’zo(t)) dt
= —6—10x3(—40 + 15x + 8x2)

Y12(x) = fox((Ym +y11) + (V20 + 3’21)) dt — fox(lﬁo(t) + yzo(t)) dt
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14413
—Xx"+zx
12 3

_% 5—%966 %x7+%x4
y13(%) %xs —SlTl()x7 %xé ﬁxg %Jﬂ
y23(x) = 1—18366 —ﬁ:ﬂ - (;;—Oxg — ;—Sx‘? +1—15x7
Y14(¥) = %)ﬂ + %sxé B 6;20)(8 B 2031160 x? — 47125 X1 + %xs
Y24(¥) = %.Sx7 + %xs B %xg B 2234100 - 10§59 X0

and so on, in the same manner, the rest components can be obtained. Thus, we get the solutions to be

29 31

1.7

1 1
y1(x) =x+cosx ——x%——x7 — x8 — x° — 10
360 180 6720 20160 4725
1 7 7 .8 29 .9 31 10 11
X)=x—cosx ——x’ — x° — x° — ———Xx "+
y2(x) 420 1440 7560 22400 10395
. 0.4 ya
- /
1.4 P 0z Vs
-~
12 // 4
- A 05 0 o5 7 1
/‘/ oa x///
//DK* -0.44 Vs
P /
064 7
// . 06 p
/ o] 7
/ 02 -
/ LA
1/ 03 0 05 1 12
// -0z ¥ P v
/ 7 ~14
/ 04 /_//_/
(@ (b)

Figure 1: Exact and approximate solution for (a) y, (x) and (b) y,(x) in Equation (15), where red and

blue represents the approximate and exact solution respectively.

Example 5.2. Consider the system of Volterra integral equations
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Y1) = 1= x2 +2x* + [ (32(6) + y2(8) — y3(0)) dit,
Yo (%) = 2x + x?% — §x3 - ixl} + fox(y'z(t) +y3(t) — Y1(t))dt, (16)
y3(x) = —x — 2% +x3 = 2xt + [ (y3(6) + 1. (8) — y2(D))dt.

whose exact solutions are (y; (x), ¥, (x), y3(x)) = (1 + x,x + x2, x%+x3).

Following the algorithm given in (12), the first few terms of y(x) are:

yio(x) =1 —x2 +%x4’,

Va0 (%) = 2x + x2 — §x3 - %x‘*,
1
Yao(x) = —x —x? + x° — _x¥,

y11(x) = f(jc(}’lo(t) +¥20(t) = y30()) dt

_ 1 3, 1 5,3 2 5 4
=x—3x +20x +2x X

Y21 (x) = fox(}’zo(t) +y30(t) = y10(t)) dt

5

_1 2 3,1 4_3 . 5_

—Zx + x +12x 20x X,
Y31 (0) = [7 (730(8) + y10(t) — y20(D)) dt

=——x ——x + x +—x + X,

yi2(x) = fOx(Yw + Y11+ Y20 + Y21 — Y30 — Y31) dt — fox(%o(t) + Yo0(t) — y30(t)) dt

1 2,1 4 1 6,7 3
=—x -x*—=x -X
2 +4 40 +6

3
_3.5
20

V22(x) = fg(}’zo + Y21 + Y30 + Y31 — Y10 — Y11) dt — fox(yzo(t) + ¥30(t) = y10(t)) dt

1.6 _1 2
— 3,3 x x — X" 3%
6 +5 + 40

Y32(x) = fox(Y30 + Y31 + Y10 + Y11 — Y20 — Y21) dt — fox(%o(t) + y10(t) = y20 (1)) dt

6 12 60 24 2

s _ 11,7 3

x ———x —x x —x
Y13(x) te 840 +5 +120

y23(x)=—1—x —ix X6 =7 4 x

24 12 360 168

11 4 _ 1.5 7 .6 1 .7 3
X)=—X"——=XxX>——Xx°+—x"+-Xx

Y33(x) 24 12 120 168 27
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and so on, in the same manner, the rest components can be obtained. The 7-term approximate solution is
given as:

42 4 17 o 17 1, 19 g 341 4,
xX) = X' — x’ + x° —
Y16(x) 5040 36288 1330560 4480 1814400
43 19 43 19 17
V26 (X) = X8 + X9 + 10 _ 11 _ X7
40320 20160 1814400 739200 1008
71 g 17 o 299 10 17 11, 43 o
x)=— x° — x° + x19 + x4+ —x
Y36(%) 13440 36288 1814400 1330560 5040

The solution in series form is given by

17

43 10 43 9 17 1141 6 8
x)=1+x— X = x’+ Xt =x"+——=x"+
y1(x) 9073}030 181f;¥0 1331%560 214; 8064
_ 2 10 9 11 6
X)=x+x"——c——=x" + x7 - + X7 A
2169 9072&0 362% 73920{)7 806419
) 3 10 9 11 6
x)=x“+x>+ X = x° + Xt = xX° 4 -
y3(x) 181440 181440 1330560 4480
29 - 24
L /j
4 /
// 134 /
154 /// /I’
e /
~
g . /
_// //
// i
/// 0.5 - 059 ///
// S/
s e
- e
| 75 3 o B 7'1\\\\7 05 /// 03 1
(@) (b)
& !
/
!
/
1.5 /
/
I
"f
"] /
/
/
/
03+ r
s
/
e
//_\‘\\\\- ///
fll ,[:5 o i El‘ﬁ 1‘
(c)

Figure 2: Exact and approximate solution for (a) y, (x), (b) y,(x), (¢) y3(x) of Eq.(15),

where red and blue represents the approximate and exact solution respectively.
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Example 5.3. Use the new iterative method to solve the following system of nonlinear Volterra integral
equations.

y1(0) = x —2x2 + [F(3:(0? + 7, (1) dt (16)
Y2(x) = x% = 3x* + [ (3.(8) x y, (1)) dt

The new iterative method yeilds:
Yio(x) = x —=x?

4

1
Y20(x) = x% — X

¥11(0) = [ (Y102 + y20(D) dt

=—yx’ —=x>—-Zx
63 60 3
X
Y21 (%) = [, (710(8) * y20 (1)) dt
1 11 1
=—x8 ——x®+-x*
48 72 4
X 2 2 x 2
yi2(x) = fo (}’10(t) + y11(0)* + y20(6) + }’21(15)) dt — fo (}’10(t) + y50(8)) dt
16 38 361 149 443 19
_ 15 _ 13 X114 ¥ — X7 1+ 19,5
59535 12285 39600 9072 2520 60
X X
V21 (x) = fo (}’10(t) + y11(8). y20(t) + }’21(t)) dt — fo (3’10(0-)’20(0) dt
1 2957 209 17 229 11
_ 16 _ X144 X124 10 _ x84 16
12096 2540160 51840 2016 2880 72
() = 256 31 1216 29 360278 27
Y13\X) = 109876902975 21210236775 672354057375
1 279449 134399141
Vo3 (%) = x3?% — x30 + x*8 4 ..
1440270720 14744771496000 692021275545600
() = 266019823 17 71437037933 19 233201079653 21
Y14 1154829312000 584832213504000 3354184753920000
() = 977606113 _1g 9851926321 g 520678178713 22
Y24\X) = 5559323136000 175889387520000 158936754493440000

and so on, in the same manner, the rest of components can be obtained. The sum of the first five terms is:

65536 622592
y(x) =x+ x63 — x61 4 -
760594829864786522589375 142161422820410566243125
7
yz(x) =x2 4+ x64 — 62
3956312153979334848000 91029920907626831433712500
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It is clear that the iterations converge to the exact solutions y; (x) = x and y,(x) = x? as the number of
iterations become large.

02 /

] -
05 P \\ o /f

P
e AN 024 /

Figure 3: Exact and approximate solutions for (a) y; (x) and (b) y,(x) of Eq.(17), where the red and the
blue represents the approximate and exact solutions respectively.

6. Conclusion
In this article, the new iterative method proposed by Daftardar-Gejji and Jafari (2006) has been
successfully applied to find the approximate solutions of linear and nonlinear systems of Volterra
integral equations. It is clear that the solutions agree well with the exact solutions for these
equations.The results are plotted in Figuresl to 3, as well as the exact solutions. It can be concluded
that, the new iterative method is a very powerful and efficient technique for finding approximate
solutions for a wide class of problems. The method is simple in its principles and easy to implement
in a computer.

The computations associated with the examples in this work were performed using Maple 13.
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Table 1: Computed numerical results for Example 5.1.

Xj y1(Xj)approx y1(xj)exact y1(xj)error y2(Xj)approx y2(Xj)exact y2(Xj)error
-0.1 | -0.459611715295881 | -0.459697694131860 | 8.579 x 10> | -1.540138014141348 | -1.540302305868140 1.643 x 10™*
-0.9 | -0.278416665991675 | -0.278390031729336 | 2.663 x 10> | -1.521499747105309 | -1.521609968270664 1.1.2x107*
-0.8 | -0.103346806864983 | -0.103293290652835 | 5.351 x 10> | -1.496640161337669 | -1.496706709347166 6.655 X 1075
-0.7 | 0.064797360292132 0.064842187284489 | 4.482 x 10> | -1.464806831593682 | -1.464842187284488 3.536 x 1075
-0.6 | 0.225308267087964 0.225335614909678 2.735 x 1075 | -1.425319623717159 | -1.425335614909678 1.599 x 107>
-0.5 | 0.377569663773227 0.377582561890373 1.290 x 107> | -1.377576714816350 | -1.377582561890373 5.847 x 107°
-0.4 | 0.521056466210800 0.521060994002885 4528 x 107 | -1.321059410295026 | -1.321060994002885 1.584 x 10~°
-0.3 | 0.655335444530803 0.655336489125606 1.045 x 10~¢ | -1.255336219676378 | -1.255336489125606 2.694 x 1077
-0.2 | 0.780066461654490 0.780066577841242 | 1.1162 x 10~7 | -1.180066557983248 | -1.180066577841242 1.986 x 10~8
-0.1 | 0.895004163017142 0.895004165278026 2.260 x 107° | -1.095004165084842 -1.095004165278026 1.932 x 10710
0 1.000000000000000 1.000000000000000 0 -1.000000000000000 | -1.000000000000000 0
0.1 | 1.095004161902955 1.095004165278026 3.375 x 107° | -0.895004165568708 | -0.895004165278026 2.907 x 10710
0.2 | 1.180066317857665 1.180066577841242 2.600 x 10~7 | -0.780066622871552 | -0.780066577841242 4503 x 10°8
0.3 | 1.255332953997767 1.255336489125606 3.535 x 107° | -0.655337412793754 -0.655336489125606 9.237 x 1077
0.4 | 1.321037455569531 1.321060994002885 2.354 x 1075 | -0.521069239497157 | -0.521060994002885 8.245 x 107°
0.5 | 1.377476851583247 1.377582561890373 1.057 x 10~* | -0.377629089380443 -0.377582561890373 4,652 x 10~°
0.6 | 1.424966234173678 1.425335614909678 3.694 x 10~* | -0.225531638275912 | -0.225335614909678 1.960 x 107>
0.7 | 1.463758209159493 1.464842187284488 1.084 x 10~* | -0.065516194852746 | -0.064842187284489 6.740 x 1075
0.8 | 1.493910251471526 1.496706709347166 2.796 x 10~* | 0.101298428023401 0.103293290652835 1.995 x 10~*
0.9 | 1.515077452266361 1.521609968270664 6.532 x 10~* | 0.273129620577989 0.278390031729336 5.260 x 10~*
1.0 | 1.526201776767611 1.540302305868140 1.141 x 10~3 | 0.447043323039989 0.459697694131860 1.265 x 1073
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Table 2: Computed numerical results for Example 5. 2

Xj y1(xj)approx y1(xj)exa| y;(xj)error y2(Xj)approx y2(xj)exal y,(x;)error y3(Xj)approx ya(xj)exq ysz(xj)error
-0.1 | 0.000176817780984 |0 1.768 x 10~3 | 0.001617965367965 0 1.618 x 10~* | -0.003923160173160 | O 39x10°3
-0.9 | 0.100071279631966 | 0.1000 7.128 x 10~* | -0.089069608108149 | -0.0900 9.304 x 10~* | 0.078866596643466 | 0.0810 | 2.1 x 1073
-0.8 | 0.200025621770467 | 0.2000 2.562 x 10~* | -0.159513124126628 | -0.1600 9.304 x 10~* | 0.126929000138354 | 0.1280 1.1 x 1073
-0.7 | 0.300007971992713 | 0.3000 7.972 x 1075 | -0.209771715319004 | -0.2100 4869 x 10~%* | 0.146512999721645 | 0.1470 48x10~*
-0.6 | 0.400002055388675 | 0.4000 2.055 x 1075 | -0.239906557349735 | -0.2400 2.283 x 10~% | 0.143805037098390 | 0.1440 1.9x 107
-0.5 | 0.500000410350600 | 0.5000 4,104 x 107° | -0.249968009118145 | -0.2500 9.344 x 107> | 0.124934281396124 | 0.1250 6.6 X 107°
-0.4 | 0.600000056620288 | 0.6000 5.662 x 10~7 | -0.239991491779146 | -0.2400 3.199 x 1075 | 0.095982699986440 | 0.0960 1.7 x 1075
-0.3 | 0.700000004362215 | 0.7000 4362 x 1078 | -0.209998472624976 | -0.2100 8.508 x 107° | 0.062996913454286 | 0.0630 3.1x10°°
-0.2 | 0.800000000116225 | 0.8000 1.622 x 1072 | -0.159999865323551 | -0.1600 1.527 x 10~¢ | 0.031999728702102 0.0320 | 2.7 x 1077
-0.1 | 0.900000000000232 | 0.9000 2.32 x 10711 | -0.089999997892338 | -0.0900 1.347 x 10~7 | 0.008999995759175 | 0.0090 42x1078
0 1.000000000000000 | 1.0000 0 0 0 0 0 0 0
0.1 1.099999999999759 | 1.1000 2.41 x 10”11 | 0.110000002108598 | 0.1100 0 0.010999995758701 | 0.0110 42x107°
0.2 1.199999999874067 | 1.2000 1.26 x 1071° | 0.240000135155114 | 0.2400 2.109 x 1078 | 0.047999728459944 | 0.0480 2.7 x1077
0.3 1.299999995078017 | 1.3000 4,922 x 107° | 0.390001545725922 | 0.3900 1.352 x 107° | 0.116996904170089 | 0.1170 3.1x10°°
0.4 1.399999933439508 | 1.4000 6.656 x 1078 | 0.560008751680211 | 0.5600 1.546 x 107> | 0.223982576805659 | 0.2240 1.7 x 1075
0.5 1.499999497074031 | 1.5000 5.029 x 107 | 0.750033795759046 | 0.7500 8.752 x 1075 | 0.374933368119556 | 0.3750 6.7 x 107°
0.6 1.599997371409039 | 1.6000 2.627 x 107° | 0.960102698433164 | 0.9600 3.376 x 1075 | 0.575800353118753 | 0.5760 2.0x 1074
0.7 1.699989350221637 | 1.7000 1.065 x 1075 | 1.190265077463910 | 1.1900 1.027 x 10~* | "0.832494377950569 | 0.8330 5.1x107*
0.8 1.799964199460038 | 1.8000 3.580 x 10~* | 1.440608215198403 | 1.4400 2.655 x 1073 | 1.150867577827925 | 1.1520 1.1x1073
0.9 1.899895666635837 | 1.9000 1.043 x 10~* | 1.711277253036667 | 1.7100 1.277 x 103 | 1.536690983647338 | 1.5390 23x1073
1.0 1.999728385040885 | 2.0000 2.716 x 10~* | 2.002503507295174 | 2.0000 2.504 x 1073 | 1.995628407086740 | 2.0000 44 %1073
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Table 3: Computed numerical results for Example 5.3
X y1(xj)approx y1(xj)exact y1(xj)error y2(Xj)approx yz2(xj)exact yz2(xj)error

-0.1 -1.000000000000000 | -1.000000000000000 0 1.000000000000000 | 1.000000000000000 0
-0.9 -0.900000000000000 | -0.900000000000000 0 0.810000000000000 | 0.810000000000000 0
-0.8 -0.800000000000000 | -0.800000000000000 0 0.640000000000000 | 0.640000000000000 0
-0.7 -0.700000000000000 | -0.700000000000000 0 0.490000000000000 | 0.490000000000000 0
-0.6 -0.600000000000000 | -0.600000000000000 0 0.360000000000000 | 0.360000000000000 0
-0.5 -0.500000000000000 | -0.500000000000000 0 0.250000000000000 | 0.250000000000000 0
-0.4 -0.400000000000000 | -0.400000000000000 0 0.160000000000000 | 0.160000000000000 0
-0.3 -0.300000000000000 | -0.300000000000000 0 0.090000000000000 | 0.090000000000000 0
-0.2 -0.200000000000000 | -0.200000000000000 0 0.040000000000000 | 0.040000000000000 0
-0.1 -0.100000000000000 | -0.100000000000000 0 0.010000000000000 | 0.010000000000000 0
0 0 0 0 0 0 0
0.1 0.100000000000000 0.100000000000000 0 0.010000000000000 | 0.010000000000000 0
0.2 0.200000000000000 0.200000000000000 0 0.040000000000000 | 0.040000000000000 0
0.3 0.300000000000000 0.300000000000000 0 0.090000000000000 | 0.090000000000000 0
0.4 0.400000000000000 0.400000000000000 0 0.160000000000000 | 0.160000000000000 0
0.5 0.500000000000000 0.500000000000000 0 0.250000000000000 | 0.250000000000000 0
0.6 0.600000000000000 0.600000000000000 0 0.360000000000000 | 0.360000000000000 0
0.7 0.700000000000000 0.700000000000000 0 0.490000000000000 | 0.490000000000000 0
0.8 0.800000000000000 0.800000000000000 0 0.640000000000000 | 0.640000000000000 0
0.9 0.900000000000000 0.900000000000000 0 0.810000000000000 | 0.810000000000000 0
1.0 1.000000000000000 1.000000000000000 0 1.000000000000000 | 1.000000000000000 0
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